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Abstract: This note is concerned with the oscillation of third order non-liner delay
differential equation of the form

OGOy Q)] + PRy ©)+ dOF (o) =0 (¥

In the papers (A. Tiryaki. M.F Aktas oscillation criteria of a certain class of third
order non-liner delay differential equation with damping J .Math Appl 325(2007) 54-
68) and (M.f Aktas A. Tiryaki. A. Zafer oscillation criteria for third order non-linear
functional differential equation Applied Math. Letter 23 (2010) 756-762)

The Authors established some Sufficient conditions Which insure that any solution of
equation (x) oscillator or converges to Zero. provided that the second order equation

(r, 2" () + (p(t)/ 1, (0)2(t) = 0 (+)

is non oscillatory. Here we shall improve and unify the result given in the above
mentioned papers and present some new sufficient conditions which insure that any
solution of equation (x) oscillates equation (xx) is non oscillatory we also establish

result for the oscillation of equation () when equation (x=) is oscillatory.

Keywords: oscillation, third order delay differential equation.
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1. INTRODUCTION

In this chapter, we consider a nonlinear third order functional differential equations of

the form

(ROEEOYO) ) + Py )+ o)t ((al0) -0 0
Where p,q,r, e C(1,R), r, e C*(1,R), | =[t,,0)c R, t, >0, r,(t)>0, r,(t). >0, p(t)=0, q(t)>0,

g eC*(I1,:) satisfies 0<g(t)<t, g*(t)>0 and g(t)—>wx as t—o and f e C(R) satisfies

l“) > K >0 for some constant k andu 0.
u

A function y(t) is called a solution of equation (1) if y(t)eClt,,») r,(t)y'(t)C'lt,.) and

LA O)y'(1) eC?lt,.0)and y(t) satisfies equation (1) onlt,,)for everyt>t, >t,.
We restrict our attention to those solutions of equation (1) which exist on | and satisfy

the condition sup{y(t):t, <t <e}>0. Such a solution is called oscillatory if it has

arbitrarily large number of zeros, otherwise it is called non oscillatory. Equation(1) is
said to be oscillatory if all its solutions are oscillatory.

Determining oscillation criteria for particular second order differential equations has
received a great deal of attention in the last few years. Compared to second order
differential equations, the study of oscillation and asymptotic behavior of third order
differential equations has received considerably less attention in the literature. In the

ordinary case for somefecent results on third order equation the reader can refer to
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Cecchi and Marini [3,4] Parhi and Das[10,11] Parhi and Padhi[t2] Skerlik [13] Tiryaki

and Yaman [14] Aktas and Tiryaki [1] It is interesting to note that there are third order
delay differential equations which have only oscillatory solution or have both
oscillatory and non oscillatory solution. For example, y"(t)+2y'(t)+ y(t —z/2)=0

admits an oscillatory solution y, (t)=sint and a non oscillatory solution vy, (t)=e*, where

A< 0 is a root of the characteristic equation

A +20+e7 =0,
On the other hand, all solutions of
y"'(t)+y(t—7)=0, >0,
are oscillatory if and only if z=>3. But the corresponding ordinary differential equation
y"(t)+y(t)=0,

admits a non oscillatory solution vy, (t)=e™ and oscillatory solutions
Y, (t) —e"sin {?tj and Ys (t) —pt2 COS[?'{J .

In the literature there are some papers and books, for example Agarwal et al. [2] Grace
and Lalli [5] Parhi and Das[10,11],Parhi and Padhift2] Skerlik[13], and Tiryaki and
Yaman [14],which deal with the oscillatory and asymptotic behaviour of solutions of
functional differential equations. In[115], the authors used a generalized Riccati

transformation and an integral averaging technique for establishing some sufficient

conditions which insure that any solution of equation (1) oscillates or converges to
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zero. The purpose of our study is to improve and unify the results in [1,15] and present

some new sufficient conditions which insure that any solution of equation (1)

converges to zero, when the equation

Is non oscillatory.

We also apply our results to the equations of the form

a,(t)y"(t)+ 2, (t)y"(t) + a, )y () + a" (O F (x(g (1)) = 0,

Where a,(t),i=123andq"(t) are positive continuous functions on [t,,«), g and f are as

in equation (2).
2 .MAIN RESULTS

For the sake of brevity, we define

Ly(®)=y(0, Ly =00 y(t) i =12and Ly()=(L,y(0)

For telt,,) So equation (1) can be written as

Lyy(t)+ p(t)y'(t)+a(t)f (y(a(t)=0.

Remark 2.1 Ifyis a solution of (1) then z=-y is also a solution of the equation

Lyz(t)+ p(t)z'(t) + a(t)t " (z(g(t))) =0,
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where f*(z)=-f(-z)and zf"(z)>0 forz=0.Thus, concerning non oscillatory solutions

of (1) we can restrict our attention only to solutions which are positive for all large t.

Define the functions

Fort, <t, <t <oo.we assume that

R, (t,t,)—>o ast—oo, 3)
and
R,(t,t,) > ast—oo. (4)

In this section we state and prove the following lemmas which we will use in the proof

of our main results.

Lemma 2.2 Suppose that
(02 +( P et -0 ©)

is non-oscillatory. If y is a non-oscillatory solution of (1)on [t,,), t, >t, then there

exists at, e[t,,c0)such that y(t)L,(y(t))>00r y(t)L,(y(t))<0for t>t,.

In the following two Lemmas, we consider the second order delay differential equation

(r, (1)) =Q(U)x(n(t)) (6)
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Wherer, (t) is as in equation (1),Q e C(I,%),andh e C'(1,%) such that h(t)<t, h'(t > 0)for

t>t, and h(t)—>o ast—»>w.

Lemma 2.3 If

t

im sup [ QSR ((t)h(s s >1, ()

t—w h(t)
then all bounded solutions of equation (6) are oscillatory.

Proof. Let x(t) be a bounded non-oscillatory solution of equation (6), say, x(t)>0 and

x(h(t))>0for t>t for somet, >t,. Then there exists at, >t, such that

x(t)> 0, x'(t)<0 and (r,(t)x'(t)) >0fort>t,. 8)
Otherwise, x'(t)>0 for t>t, and so, there exists a constant ¢ >0 and a t; >t, such that
r,(t)x'(t)>c fort>t, .

Integrating this inequality from t; to tand using condition(4)we see that x(t)—»c as
t — oo, Which contradicts the fact that x(t) is bounded on[t,,«).Now for v>u>t, we

have
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z(

C —<

, (s»ldsj(— ()

=R, (v,u)-r,(v)x(v)) ©)
For t>s>t,, setting u=h(s) and v=n(t) in (9), we get
x(h(s))= R, (n(t), h(s)X—r, (h(t)x (h(t))) (10)

Integrating equation (6) from h(t)>t,tot,we have
=1, (h(E)X'(h(t) = r, (Ox (1) - r, (h(E))x'(h(t))= jQ(s)X(h(S))dS- (11)

Using (10)in (11),we have

or
1> j)cxs)rez(h(t), n(s)ts. 12)

We take the lim sup as t — o of both sides of inequality (12), we have a contradiction to
condition (7) and this completes the proof of the lemma.

Lemma 2.4 If

t

lim sup [){rzl(U)j Q(S)dedu >1, (L3)

t—o0 h( u
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then all bounded solutions of equation (6) are oscillatory.

Proof. Let x(t) be a bounded non oscillatory solution of equation(6), say x(t)>0 and
x(h(t))>0 for t>t, for somet, >t,. As in Lemma 2.3, we obtain (8).Integrating equation

(6) from uto t, we have

r, (O () r, (W) ()= [Q(s)x(n(s))as

u

)= 0l ol o).

Integrating this inequality from h(t)tot, we get

<tz 0 otk o)

h(t) u

or

12| ]l otk o

(t) u

The rest of the proof is similar to that of Lemma 2.3 and hence is omitted. This

completes the proof

Now, we are ready to establish main results of this chapter.
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Theorem 2.5 Let conditions (3)and (4) hold and equation (5) is non oscillatory. If
there exist two functions p and heC*(I,R) such that g(t)<h(t)<t,h’(t)>0 and p(t)>0

for t>t, such that

t—ow

lim supj' Ko(s)a(s) -

for all large t and condition (7) or (13) holds with

Q(t)=[Ka(t)R,(h(t). 9(t) - (p(t)/r, )] = 0 fort>t,,
Then equation (1) is oscillatory.

Proof. Let y(t) be a non oscillatory solution of (1) on [t,,»), t>t,.Without loss of

generality, we may assume that y(t)>0 and y(g(t))>0 for t>t, for somet, >t,.

It follows from Lemma 2.2 that L,y(t)<0 orLy(t)>0 for t>t,.IfL y({t)>0fort>t,, then

one can easily see that L,y(t)>0 fort>t,. Otherwise, L,y(t)<0 for t>t,, so there exists

a constant ¢* <0 and a t, >t,such that

*

C

r,(t)

Integrating this inequality from t;to t and using condition (4) we see that L,y(t)— o as

L y(t)< —~fort>t,.

t —o0. Thus there exists a constant ¢” <0 and a t;” >t, such that
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Integrating this inequality from t; to t and using condition (3) we find that y(t)— —

as t —oo, which contradicts the fact that y(t)>0 for t>t,

Next, we define

First we claim that

Ly(t)> L y(9(t)= R, (9(t) t, )L, (y(g(t) = R, (g(t) t, )L, (y(t)) fort>t,  (15)

To this end we have,

g(t) g(t)

Ctalt) [ (1y(e) Jos = [ 15 Loy(oks = LylaltR. (o))

Since L,y(t)<0,we getL,y(g(t))> L,y(t)
This completes the proof of the claim.

By (1)and (15), we have

wit)<— _lw? Rz(g(t)’tl)gl(t) Wi p'(t)
(t)— Kp(t)q(t) |: (t{ I’l(g(t)p(t) J (t)

and hence

(9o’ (1) (1) - P RHR, (9()t,))

w(t) < -Kpltha(t)+ =

Integrating this inequality from t, totwe have
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t r(9(s)Ne'(s)r,(s)— p(s)p(s)R, (g (s)t, )
Kp(s)a(s)- > ds <wlt, ) — wit)< wit,
R N PO TN TEE ) wl)<uit)
which contradicts condition (4)Next, we let L y(t)<0 for t>t, and consider the function
L,y(t) The case L,y(t)<0 cannot hold for all larget, sayt >t, >t,, since by integration

of inequality

we obtain from (3) y(t)<0 for all large t,a contradiction.

Let y(t)>0, Ly(t)<0and L,y(t)>0 for all large t, say t>t, >t,.Now, for v>u=>t,, we

have

)y =] 5 G O [ - Lt = R )

Setting u=g(t)andv =h(t), we get

y(9(t)= R, (h(t) gt)- Liy(h(t)) =R, (h(t). g(®)x(h(t)) for t>t;

Where x(t)=-L,y(t)>0 for t>t,. From equation (1) and the fact that x is decreasing and
g(t)<h(t)<t we obtain

!

(r, (OX'(t)) +(p(t)/r, (©)x(h(t) = Ka(t)R, (h(t) g(t)x(h(t))

or
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(X)) = (Ka()R, (h(t). ot) - (pt)/r, O))x(n(t)) for t=t,.

Proceeding exactly as in the proof Lemma 2.3 and Lemma 2.4, we obtain the desired

conclusion completing the proof of the theorem.

Remark 2.6 From the proof of Theorem 2.5 we obtain.

. ADGE >>2
w(t)< -Kolta() + o™ o

where p(t,t,)=p' ({t)r,({t)- ot)pt)R,(g(t)t,) Now, ifP(tt,)>0fort>t,,

«Q
—
\—/
\_/
(o d
=
S
~—+
N—

we have
o't (t)=P(t,t,)fort > t,,

and hence

n(g(s)Np'(s)n(s))’ _
i otekle) - e o
for all large t.

Next, if the function P(t,t,)<0fort>t,. We see that condition (14) can be replaced by
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[ pls)als)ds ==

for all larget.

Finally, If o'(t)<0fort>t,, we see from (16) that

w'(t) < —Kplt)g(t)+ p(t)%

| —+
—"
~+
iy
~~—"

and so, condition (14) can be replaced by

lim sup j.{Kp(s)q(s)— p(S)M}dS = oo,

t—o0

for all larget. The details are left.
The following examples are illustrative.
Example 2.7 Consider the equation

57

y"(t)+ ety'(t)+(1—et)y(t —7j=0- 7)

It is easy to check that all conditions of Theorem 2.5 are satisfied for
h(t)=t—27, K =1and p(t)=1and hence equation (17) is oscillatory.
One Such solution is y(t)=sint.

Example 2.8 Consider the equation
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y"(t)+ ey (t)+ % y(t— 1)(1+ y2(t— 1))= 0. (18)

Here we take K =1, p(t)=1and h(t)=t —1/2. Now, it is easy to check that all hypotheses
of Theorem 2.5 are fulfilled except conditions (7)and (13)We note that equation (18)

admits a non-oscillatory solution y(t)=e™.
Next, we present the following comparison results.

Theorem 2.9 If in Theorem 25 condition (14) is replaced by the first order delay

difference equation

)| 2l o) vt 508 o ot -0 )

and is oscillatory, then the conclusion of Theorem 2.5 holds.

Proof. Let y(t)be a non-oscillatory solution of (1) on[t,,), t>t,.Without loss of
generality, we may assume that y(t)>0 and y(g(t))>0 for t>t,for some t, >t,.It follows
from Lemma 22that Ly(t)<oorLy(t)>0for t>t.IfL y(t)>0for t>t,then one can

easily see that L,y(t)>0 for t>t,.As in the proof of Theorem2.5 we obtain (15)
Form (15), we have

r(t)y'(t)=Lyt)=R,(g(t) )L, (y(g(t))fort>t,.

Dividing this inequality by r,(t) and integrating from t,to tone can easily find

ISSN: 2582-029X Copyright © 2021 E J Publications Page 14
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t
R,(g(s)t
0] [0 e ) ()
t 1

Using(15) and(20) in equation (1) we have

t

w'<t>+(%jmg(t),t)w(g(t)wKq(t{g%g“)ds}w@(t»so,

Wherew(t)=L,y(t)>0.This inequality has a positive solution and hence by Theorem 6.3
in[5], equation (19) has a positive solution, which is a contradiction. The proof of the
case when L,y(t)<0 for t>t, is similar to that of Theorem 2.5 and hence is omitted.

This completes the proof.
The following result is immediate.

Corollary 2.10 If The Theorem 25 the condition (14) is replaced by

u

lim inf t l% R,(g(u)t, )+ Kq(u{j—R2 g(S')’t)dsﬂdu 21,
ot U €

. A
then the conclusion of Theorem 2.5 holds.
Next, if equation (3) is oscillatory, we give the following result.

Theorem 2.11 Let conditions(3)and (4)hold and equation (5) is oscillatory. If there
exists a functionh e C(%)such that g(t)<h(t)<t and h'(t)>0 for t>t, such that (7) or
(13) holds withQ(t)as in Theorem 2.5,then every solution y of equation (1)is either y(t)

is oscillatory or y'(t) is oscillatory.

ISSN: 2582-029X Copyright © 2021 E J Publications Page 15


http://www.ijraest.com/

e

EJ Publications
International Journal Research in Applied Engineering, Science and
Technology (IJRAEST) Impact Factor: 4.537(SJIF)

An International Peer-Reviewed Journal Vol-3, Issue-3, 2021
www.ijraest.com Indexed in: Google Scholar, Academia, Cite Factor etc ISSN: 2582-029X

RESEARCH ARTICLE

Proof. Let y(t) be a non oscillatory solution of (1) on [t,,«), t>t,.Without loss of
generality, we may assume that y(t)>0 and y(g(t))>0fort>t,somet, >t,.Now, we
consider the case Ly(t)<0 or Ly(t)>0fort>t. If Ly(t)>0fort>t holds, then

equation (1)becomes

(R OXE) +(Pe)nE)xe)=ofort>t, >t,

where x(t)= L, y(t)>0.By[31] equation (5) has a positive solution, a contradiction. Proof
of the case when L y(t)<0 for t>t, >t, is similar to that of Theorem2.5 and hence is

omitted. This completes the proof.

Example 2.12 Consider the equation

0+ 5y 0+ 5y[t- 3]0 @)

Let h(t)=t—~. It is easy to check that all hypotheses of Theorem2.9 are satisfied and
hence every solution y of equation (21) is oscillatory or y' is oscillatory. One such
solution isy(t)=sint. We note that none of the results in [38101112,1314.15] are

applicable to equation (21).

Finally, we can easily extend Theorems 2.5 and 2.9 to the equation

!

(@O ) ) + Py (0)+at)F (v(a@)=0 (22)

where h e C(1,R) such that g(t)<h(t)<tand h'(t)> 0fort >t,.
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Theorem 2.13 Let conditions(3)and (4) hold and the equation

(R, O ©)) + (pt)/r (AEO)X(A(E) =0 (29)
is oscillatory. If condition (7) or(13) holds with
Q(t)=[Ka(t)R, ((t). g(t) - (p(t)/r (ht))]= 0fort>t,,
then every solution y of equation (22)is either y(t) is oscillatory or y'(t) is oscillatory.

Proof. Let y(t) be a non oscillatory solution of (22)on[t,,), t>t,. Without loss of

generality, we may assume that y(t)>0 and y(g(t))>0for t>t,for somet, >t,.
As in the proof of Theorem 2.5,we obtain either L y(t)<0 orL,y(t)>0fort>t,.

If L y(t)>0for t>t holds, then equation(22) becomes
(O M) + (pt)/r (NO)X(h(t) <0fort >t, >t,,

Where x(t)= L, y(t)>0.By/[6]equation [4] has a positive solution, a contradiction. Proof of
the case when L y(t)<0for t>t, >t, is similar to that of Theorem 25 and hence is

omitted. This completes the proof of the theorem.

We note that there are many criteria in the literature for the oscillation of second order

dynamic equations, and so by applying these results to equations (1)and (22), we can
obtain many oscillation results which are of similar types to these in [1.15] or else, of

different types. The formulations of such results are left.

The following examples are illustrative.

Example 2.14 Consider the equation
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EORTEIEY (B g (20

It is easy to check that all hypotheses of Theorem 2.11 are satisfied with h(t)=t -2~
and hence every solution y of equation (24) either y(t) is oscillatory or y'(t) is
oscillatory. One such solution is y(t)=sint.We note that none of the known results

appeared in the literature are applicable to this equation because of the delay that

appeared in the damping term.

Example 2.15 Consider the equation (24) without delays, namely

y"'(t)+y'(t)+2y(t)=0 (25)

Equation (25) has a non oscillatory solution y(t)=e™ and y'(t)=-e" is also non
oscillatory. Conditions which involved delays in Theorem 4.2.11 are not fulfilled. The

solution set of equation (25) is
{e* e cos(ﬁ/Z}, e"?sin (\/7/2)}.

We note that the presence of delays in equation (25) generate oscillation.

In order to apply results to equation (2). we can rewrite equation (2) in the form

[exp(jaz<s>/a3<s>dsJy"<t>J +exp(jaz<s>/a3<s>ds}(al<t>/a3<t»y'(t)

to )

+expﬁa2<s>/a3<s>ds]<az )/ 0a" 0/ )1 ((g(0) 0

)

In this case, our results are applicable to equation (2)if we let
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r(t)=1,

, (t) - EXp[j a, (S)/as (S)dsj,

)

p<t>=exp[ja2 (s)/a3(s)ds}al(t)/ag(t»

to

and

q(t):exp[i az<s)/a3<s>dsj<a1<t>/a3<t)xq*<t>/a3<t>).

to

The formulation of the results as a special case of these obtained above are left.
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